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$Hiebert and Wearne (2003, p-5)

‘Feaching mathematics throngh problem solving is a method of teaching
mathematics that helps students develop relational understanding. With
this approach, problem solving is completely interwoven with learn-
ing, As smudents do mathematics—make sense of cognitively demand-
ing tasks, provide evidence or justification for strategics and solutions,
find examples and connections, and receive and provide feedback about
ideas—they are simultancously engaged in the activities of problem
solving and learning. Teaching mathematics through problem solving
requires you 1o think about the types of tasks vou pose to students, how
you facilitate discourse in your clussroom, and how YOu support stu-
dents” use of a variety of representations as tools for pmblcm solving,
reasoning, and communication.

"Reprinted with permission from Hieberr, ], & Wearne, D. (2003). Developing
Understunding through Problem Salving. In H. Schoen (Ed.), Teaching Mutbenatics
thrronmgl Prablem %ﬁg: Grades 6-12 (pp- 3-13), Reston, VA: Nattonal Council for

" Teachers of Mathematics. All rights reserved.
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14 & CHAPTER 2 Teaching Mathematics through Problem Solving

Teaching through Problem Solving:
An Upside-Down Approach

For many years and continuing today, mathematics has been taught using a reaching-
far-problem-solving approach: The teacher presents the mathematics, the students
practice the skill, and finally, the students solve word problems that require using that
skill. Unfortunately, this “do-as-I-show-you" approach to mathematics teaching has not
been successful for helping many students understand or remember mathematies con-
cepts (e.g., Pesek & Kirshner, 2002; Philipp & Vincent, 2003).

“Teaching mathematics throngh problem solving generally means that students solve
problems to learn new mathematies rather than just apply mathematics after it has been
learned. Students learn mathematics through real contexts, problems, situations, and models
that allow them to build meaning for the concepts (Hicbert, Carpenter, Fennema, Fuson,
Wearne, Murray, Olivier, & Human, 1997). So teaching through problem solving might be
deseribed as “upside-down” from the traditional approach of teaching for problem solving
because the problem is presented at the beginning of a lesson and skills and ideas emerge
from working with the problem. An example of teaching through problem solving might
have students explore the following situation before they are taught how to set up propor-
tions and solve for the unknown.

Tatyana has a coupon for 4 pizzas for $10. If the restaurant will give her the same rate for
multiple pizzas, how much will 18 pizzas cost?

The teacher would explain to the class that there is more than one correct strategy to solve
this problem and that they are to find as many different strategies as they can. Students
might use counters, create a drawing, make an organized list, or solve through a series of
operations.

algorithm of setting up proportions and solving for the unknown. B

Through this context and exploration, students could sce how to use ratio tables, which
can be used 1o solve other real-world problems involving proportions, The pizza problem
generates opportunities for students to improve their multplicative reasoning as they find
ways to relate numbers whose multiplicative relatnonship is not readily apparent. Using the
standard algorithm of setting up proportions and solving for the unknown can take away the
opportunity for students to develop multiplicative and proportional reasoning.

Teaching through problem solving requires a paradigm shift, which means that teachers
are doing more than just tweaking a few things about their teaching; they are changing their
philosophy of how they think students learn best and how they can best help them learn.
At first glance, it may seem that the teacher’ role is less demanding because the students
are doing the mathematics, but the teacher’s rule is actually more demanding in such class-
rooms. Hereare some of the important weacher respansibilities:

* Select high-quality tasks that allow stedents % learn the content by figuring out th
own strategies and solutions.
* Ask high-quality quesuonstht‘n-hnsm verify and relate their strategies.

* Listen to students’ nd exsmine their work, determining in the moment how
to extend and formalize Mw targeted feedback,
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There is no doubt that teaching mathematics through problem solving can be challeng-
but the results are worth the effort! It promises to be a beter approach if our ultimate
is deep (relational) understanding because teaching through problem salving accom-
shes these goals:

* Focuses students’ attention on ideas and sense making. When solving problems, students are
necessarily reflecting on the concepts inherent in the problems. Emerging concepts
are more likely to be integrated with existing ones, thereby improving understanding.
* Emphasizes mathematical processes and practices. Students who are solving problems will
engage in all five of the processes of doing mathematics—prablem solving, reasoning,
communication, connections, and representation (NCTM, 2000), as well as the eight
mathematical practices outlined in the Comman Core State Standards, resulting i math-
- ematics that is more accessible, more interesting, and more meaningful. Note that the
first Standard for Mathematical Practice is “Make scnse of problems and persevere in
solving them” (CCSSO, 2010).
® Develops students® confidence and identities. Every time teachers pose a problem-based task
-and expect a solution, they implicitly say to students, “I believe you can do this.” When
-students are engaged in problem solving and discourse in which the correctness of the
~solution lies in the justification of the process, they begin to see themselves as capable of
doing mathematics and that mathemarics makes sense.
* Provides a context to belp students build meaning for the concept. Using a context facilitates
‘mathematical understanding, especially when the context is grounded in an experience
familiar to students and when the context uses purposeful constraints that potentially
highlight the significant mathematical ideas (Fosnor & Dolk, 2001).
® Allows entry and exit points for a wide vange of students, Good problem-based tasks have
~multiple paths to the solution, so each student can make sense of and solve the task by
~using his or her own ideas. Furthermore, students expand their ideas and grow in their
understanding as they hear, critique, and reflect on the solution strategies of others,

* Allows for extensions and elaborations. Extensions and “what-if” questions can motivate
advanced learners or quick finishers, resulting in increased learning and enthusiasm for
‘doing mathematics.

* Engages students so that there are fewer discipline problems. Many discipline issues in a class-
- room are the result of students becoming bored, not understanding the teacher direc-
tions, or simply finding little relevance in the task, Most students like to be chaflenged
‘and enjoy being permitted to solve problems in ways that make sense to them, giving
them less reason to act out or canse trouble. '

® Provides formative assessment data. As students discuss ideas, draw diagrams, or use ma-
nipulatives, defend their solutions and evaluate those of others, and write reports or
-explanations, they provide the teacher with a steady stream of valuable informution that
‘can be used to inform subsequent instruction. pbe

® Ira lot of fum! Students enjoy the creative process of problem solving and sharing how
they figured something out. After seeing the surprising and inventive ways that students
think and how engaged students become in mathematies, very few teachers stop using a
 teaching-through-problem-solving approach.

Vhen teachers teach mathematics through problem solving, sadents leam th
ent through problems (tasks or activities), A problem: is defines
or which students have no prescribed or memorized rules or

Teaching Student-Centered Mathematics — Developmentally Appropriate Instruction for Grades 6-8
Van de Walle, J. et. Al.
ISBN 0-13-282486-8

Using Problems toTeach & 15



16 & CHAPTER 2 Teaching Mathematics through Problem Solving

do not have a perception that there 15 & speaific “correct” solution method (Hiebert et al,,
1997). In other words, the task ar activity is = genuine problem,

«# Features of a Problem

Problems that can serve as effectuve tasks or activities for students to solve have common
features. Use the following points as a guide to assess whether a task or an activity has the
potential to be a genuine problem.

* The problem shonld engage students wheve they are i their current understanding. Students
should have the appropriate ideas to begin engaging with the problem and to solve the
problem, yet still find it challenging and interesting.

» The problematic or engaging aspect of the problem must be a result of the mathematics that
the students are to Jearn. In solving the problem or doing the activity, students should
be concerned primarily with making sense of and developing their understanding of
the mathematics involved. Any context or motvation used should not overshadow the
mathematics to be learned.

» The problem must require justifications and explanations for answers and metbods. In a high-
quality problem, neither the process nor the answer is straightforward, so justification is
central to the task. Students should understand that the responsibility for determining
whether answers are correct and why they are correct rests on their mathemartical rea-
soning, not on the teacher telling them that they are correct.

o Examples of Problems

Problems can be used to develop both concepts and procedures, and the connection be-
tween concepts and procedures. In the following examples, the first two problems focus on
concepts, and the third problem focuses on a procedure.

CONCEPT: Comparing Ratios and Proportional Reasoning
Jack and Jill were at the same spot at the bottom of a hill, hoping to fetch a pail of water, They
both begin walking up the hill, Jack walking 5 yards every 25 seconds and Jill walking 3 yards
every 10 seconds. Assuming a constant walking rate, who will get to the pail of water first?

CONCEPT: Equality
64 + 16 = 32 + b

Find a number for b so that the equation is true, Is there more than one number that will
make the eguation true? Why or why not? Can you find more than one way to find a num-
ber for b so that the equation Is true?

Note that a task in the form of a story problem does not antomatically make the task a
problem, A story problem can be “routine” if stadents read it and know right away thatitisa
division problem and divide to answer it. Conversely, an equation with no words, as in the sec-
ond example above, is not necessarily routine and can actuaily be a rich problem to investigate,

PROCEDURE: Dividing Two Fractions
Solve this probiem in two different ways: § = § =
For each way, explain how you solved it
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A Thc third example, although focused on a procedure, is a problem because students
ﬁg'urc out bow they are going to approach the task (m:&:gthcyhave nat been
ght the standard algorithm at this point). Students are also challenged to find morc than
ay to solve the problem. Implicit is the challenge to determine how the two solution
es are different. The third example is important because it illustrates thatvirtually all
mitics—concepts and procedures—can be tught through problem solving.

Selecting Worthwhile Tasks

s nioted carlicr in the three features of a problem, 4 task must engage students where they
arently are in their understanding and simultaneously must be problematic for the stu-
ts. In selecting such a task, consider the level of cognitive demand, the porential of the
to have multiple entry and exit points, and the relevancy of the task to stadents.

vel of Cognitive Demand

h supports the practice of engaging students in productive struggle to develop un-
ng (Bay-Williams, 2010; Hiebert & Grouws, 2007). Both words in the phrase
tive struggle™ are important. Students must have the toals and prior knowledge
olve a problem and not be given a problem that is out of reach because otherwise they
struggle without being productive; however, students should not be given tasks that
e straightforward and trivial because they will not struggle with mathematical ideas and
er develop their understanding. When students know that struggle is an expected part
process of doing mathematics, they embrace the struggle and feel success when they
12 solution {(Carter, 2008).
- Figure 2.1 shows s useful framework for determining whether a task has the potential to
enge students (Smith & Stein, 1998), The framework distinguishes between tasks that
low levels and high levels of cognitive demand. Tasks that have low-level cognitive
pand are routine and straightforward and do not engage students in productive struggle.
asks with a high level of cognitive demand not only engage students in productive struggle
' challenge students to make connections between conceprs and to other relevant
dge. Although there are appropriate times to use low-level cognitive demand tasks,
or sole emphasis on tasks of this type will not lead to a relational understanding of
tics. As an example of different levels of tasks, consider the degree of reasoning
red if you ask students to find the average of five given numbers versus if vou ask them
d five numbers whose average is 35, The first task only requires students to find the
of five numbers. The second task requires them to use number sense and their un-
nding of average to generate five reasonable numbers that will result in a given aver-
As a consequence of working on this second task, students have porential opportunities
ink about and use number relationships while they work on their computational skills
A -- X \g averages.

Multiple Entry and Exit Points

\ problem or task that has multiple entry points has varying degrees of challenge within it
it can be approached in a variety of ways. One of the advantages of a prablem-based ap-
ch is that it can help accommodare the diversity of learners in every classroom because
ts are encouraged to use a strategy that makes sense to them instead of using a pre-
ined strategy that they may or may not be ready to use successtully. Some students
initially use less efficient approaches, such as guess and check or counting, but they
dc\'clop more advanced strategies through effective questioning by the teacher and by
g on other students’ approaches. For example, for the task of finding five numbers
whose average is 35, one student may use a guess-and-check approach, using five random
mbers to see if their average is 35, while another student miy use a more systematic

Teaching Student-Centered Mathematics — Developmentally Appropriate Instruction for Grades 6-8
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18 & CHAPTER2 Teaching Mathematics through Problem Salving

3:?340@ 2.1 tevelsof cognitive demand.

Low-Level Cognitive Demand Tasks Hic e Cognitive Demand Tasks

Memorization

* Involve producing previously learred K- Focus students” atiention on the use of pracedures
facts, rules, formulas, or definitionsor | for the purpose of developing deeper levels of
memarizing understanding of mathematical concepts and ideas

* Are routing, in that they involve exact » Sugoest general procedures that have dose
reproduction of praviously learned | connections to underlylng conceptual ideas
procedures | «Am usuaily represented in multiple ways (e.g.,

* Have no connection to related concepts visuals, manpulatives, symbols, problem situations)

* Require that students engage with the
conceptual ideas that underiie the procedures
In arder to successfully complete the task
Procedures without Connections Doing Mathematics

* Use grocedures spacifically called for + Require complex and nonalgorithmic

» Are strasghtforward, with little thinking {1.e., nonroutine—without a
ambiguity about what needs to be done predictable, known approach)
and how to do it « Require students to explore and to

» Have no connection to related concepts understand the nature of mathematical

» Are forused on producing correct cantepls, processes, or relatonships
answiers rather than developing + Pemard seff-monitonng or self-regulation
mathematical understanding of students' own cognitive processes

* Require no explanations or explanatians * Require students to access relevant
that facus on the procedure anly knowledge in working through the task

* Require students to analyze the task and
actively examine task canstraints
* Require considerable cognitve effort

Source: Reprinted with permission from Stain, M. K., Smith, M. 5., Henningsen, M. A., and Silver, E_ A_ Imple-
menting Standards-Gased Mathematics Instruction: A Case for Professional Development. Copyright 2009 by
the National Council of Teachers of Mathematics. All rights reserved,

approach, such as starting with five 355 and then moving part of one 35 to another 35 until
he or she has five different numbers. Still another child may reason that if the five numbers
were all 35s, then their sum would be 5 X 35, or 175, so partitioning 175 into five different
parts would result in five numbers whose average is 35,

“Tasks should also have muldple exit points, or various ways that students can dem-
onstrate an understanding of the learning goals, For example, students might draw a di-
agram, write an equation, use manipulatives, or act out a problem to demonstrate their
understanding.

Consider the opportunities for multple entry and exit points in the following tasks.

TASK 1:

If there are 1 red tile, 2 yellow tiles, and 1 blue tile in a bag, what is the probability of pull-
ing out a red tile?

TASK 2:

The probability of an event is §. Describe what the event (situation) might be. Explain how
you might use dice, a spinner, or some other tool 1o Smulate the situation.

Teaching Student-Centered Mathematics — Developmentally Appropriate Instruction for Grades 6-8
Van de Walle, J. et. Al.
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Orchestrating Classroom Discowrse & 19

In the first task, students will gain some experience in thinking about the probability of
e event in one situation, but they will miss any opportunity to think deeply about what a
ility of i means and how it can represcm v.mous sifuations. The second tasl. offers

s the teacher more mfumuunn about each students level of undmtzmdmg. For cxamplc. e
do students select examples with more than four objects
o, drawing hearts from a deck of cards)? Do students
ereate tree diagrams to help them reason through the situ-
ation? Do students create events that are all equally likely,
or do they create events that are more likely than others?
an students think about compound events that result in a
bility of 7 Clearly, the second task offers many more
pportunities for all students to engage in the task in a va-
ety of ways.

Before giving <

eral possible responses to the task, including possible mis

conceptions, and think about how you might address these
Anticipating the responses gives you time to con

ow you will respond to various approaches, and it also

helps you to quickly recognize different strategies and mis
y Y >

conceptions when students are working on the task

Relevant and Well-Designed Contexts

One of the most powerful aspects of teaching through problem solving is that the problem
begins the lesson can get students excited about learning mathematics. Compare the
owing two sixth-grade introductory tasks on ratios. Which one do vou think would be
interesting to students?

Classroom A: “'lodsy we are going to explore ratios and see how ratios can be used
to compare amounts.”

Classroom B: “In a minute, I am going to read to you a passage from Harry Porter

about how big Hagrid is. We are going to use ratios to compare our hc.uzlus and
~widths to Hagrid' height and width.”

Your goal as a teacher is to design problems that provide specific parameters, constraints,
o structure that will support the development of the mathematical ideas you want students to
. But possibly even more important, familiar and interesting contexts increase students’
ement. In this example, literature was used to engage students. Contests can also be used
lnrn about cultures, such as those of the students in vour classroom, and can also be used to

Orchestrating Classroom Discourse

Ol distourse refers to the interactions among all the participants that occur through-
“out a lesson—in a whole-class setting, in small groups, berween pairs of students, and with
“the teacher. The purpose of discourse is not for students 1o state their answers and get
walidation from the teacher but to engage all learners and keep the cognitive demand high
@rcvfogle & Williams, 2008-2009; Kilic, Cross, Ersoz, Mewhorn, Swanagan, & Kim, 2010;

Slmth Hughes, Engle, & Stein, 2009).

‘h - -
- @ Classroom Discussions

Fhe value of student ralk throughout a mathematics lesson cannot be overemphasized. As
students describe and evaluate solutions to tasks, share approaches, and make conjectures,

Teaching Student-Centered Mathematics — Developmentally Appropriate Instruction for Grades 6-8
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20 & CHAPTER2 Teaching Mathematics through Problem Solving

learning will occur in ways that are otherwise unlikely to take place. As they listen to other
students’ ideas, they come to see the varied approaches in how problems can be solved and
see mathematics as something that they can do. Questions such as those that ask students
whether they would do it differently next time, which strategy made sense to them (and why),
and what caused problems for them {and how they overcame them) are critical in developing
mathematically proficient students. Orchestrating discourse after students have worked on
problem(s) is particularly important as it is this type of discussion that helps students connect
the problem to more general or formal mathematics and make connections to other ideas.

Implementing effective discourse in the classroom can be challenging. Finding ways
to encourage students to share their ideas and to engage with others about their ideas is
essential 1o productive discussions. Consider the following research-based recommenda-
tions that can be useful in a whole-class setting, in small groups, and in peer-to-peer discus-
sions (Chapin, O’Connor, & Anderson, 2009; Rasmussen, Yackel, & King, 2003; Stephan &
Whitenack, 2003; Wood, Williams, & McNeal, 2006; Yackel & Cobb, 1996),

* Clarify students’ ideas in a vaviety of ways. You can restate students’ ideas as ques-
tions in order to verify what they did as well as what they meant to confirm what you've
heard or observed. You can also apply precise language and make significant ideas more
apparent. Paying sttention to students ideas sends the message that their ideas are val-
ued, and therefore this is a key step to encouraging participation of individual students.
In addition, modeling how 10 ask clarifying questions demonstrates to students that it
is all right to be unsure and that asking questions is appropriate. It is important to keep
in mind that although you may understand a student’s ideas and reasoning, there may
be students in the class who do not. So look for opportunities to ask clarifying questions
even if you do not need clarification, You can also ask students to restate someone else’s
ideas in their own words in order to ensure that ideas are stated in a variety of ways and
to encourage students to listen to one another. This strategy of clarification is impor-
tant for English language learners (ELLs) because it reinforoes language and enhances
comprehension,

* Emphasize reasoning. Ask follow-up questions whether the answer is right or wrong
10 place an emphasis on the reasoning process. Your role is to understand stdents’
thinking (not to lead them to the correct answer and move on). So, follow up with
probes to learn more about their answers and their reasoning. Sometimes, you will find
that what you assumed they were thinking is not correct. Also, if you follow up only on
wrong answers, students quickly figure this out and get nervous when you ask them o
explain their thinking. In addition, move students to more conceptually based explana-
tions when appropriate. For example, if a student says that he knows 4.17 is more than
4.1638, ask him (or another student) to explain why this is so. You can also ask students
what they think of the idea proposed by another student, or ask if they see a connection
berween two classmates’ ideas or between a classmate’s idea and a concept previously
discussed.

o Encourage student-student dialogue. You want students to think of themselves as
capable of making sense of mathematics so that they do not always rely on the teacher
to verify the correctness of their ideas. Encouraging student-to-student dialogue can
help build this sense of self, Students are also more likely to question one another’s
ideas than the teachers ideas. When students have different solutions, ask them to
discuss one another’s solutions. Or ask someone to rephrase another student’s ideas
or to add something further to someone else’s ideas. Provide opportunities that allow
students to share their ideas in small groups or with a peer. This will ensure that all
students are able to participate in sharing because not all students will be able to share
during every whole-class discussion. Before a whole-class discussion, students can
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~ Orchestrating Classroom Discourse & 21

'stw 22 Examples of teacher prompts for supporting dassroom discussions,
T T ————— . —
| Clarify Students’ ideas "You used a unit ratio to find the pre= foe ISM?'
*50, first you recorded your measurements i & tabie?”
“What parts of your drawing relate 10 the numbess from the
story problem?* ,
"Wha can share what Ricardo just sad, but using your own words?* J
| ~ Emphasize Reasoning | "Why does it make sense to start with that partichlar number?”
“Explain how you know that your answer is correct. *
“Can you give an example?" i
“Do you see 3 connection between kilia's idea and Rhonda's idea?”
"What 2~
“Do you agree or disagree with Johanna? Why?"
Encourage Student- “Who has a question for Vivian?*
Student Dialogue “Turn 10 your partner and explain why you agree or disagree
with Edwin.*
“Tafk with Yecin about how your strateay refates 1o hers,”

practice their explanations with a peer, which is one way to support ELLs and other
students with special needs during mathematical discussions. See Chaprers 5 and 6 for
other ideas about how to support these particular groups of students with mathemati-
cal discussions. Figure 2.2 offers examples of teacher prompts that can support class-
room discussions.

Be sure to explain to students that after they hear a question or prompr they will have

to think so that silence in the classroom does not feel uncomfortable. For example,
ou can say, “This question is important. Let’s take some time to think about it.” There will
b times when no one responds to your question or prompe. If the situation gets awkward,
sure students understand the question or prompt, then ask them to talk with a partner
4nd try the discussion again,

- @ How Much to Tell and Not to Tell

When teachers teach mathematics through problem solving, one of the most perplexing di-
lemmas is how much, if anything, to tell, On one hand, telling can diminish what is learned
‘and lower the level of challenge in a lesson. On the other hand, telling oo little can some-
. times leave students floundering, or not productively struggling. Following are suggestions
- about three things that you need to tell students:

- * Introduce mathematical comventions. Symbols, such as V. and 2%, and notations, such as
(1,°2), are conventions. Terminology is also a convention, As a rule of thumb, symbol-
ism and terminology should be introduced affer concepts have been developed and then
specifically as 2 means of expressing or labeling ideas.

® Discuss alternative metbods. 1f an important strategy does not emerge naturally from stu-
dents, then you should propose the strategy, being careful to idenrify it as “another”
way, not the only or the preferred way. ‘

* Clarify students’ methods and make connections. You should help students clarify or in-
terpret their ideas and point out related concepts. A student may divide § by | by
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22 & CHAPTER 2 Teaching Mathematics through Problem Salving

Pay attention to students’ choices of representations, and
use those representations as starting points for dialogues

with them about their thinking. What they find important

may be surprising and informative at the same time

thinking about how many one-thirds can he measured out or subtracted from . This
strategy can be related to measurement division with whole numbers, such as think-
ing of 12 = 3 as how many 3s can be measured out or subtracted from 12. Drawing
everyone’s attention to this connection can help other students see the connection
while also building the confidence of the student who originally proposed the strategy
(Hicbert et al., 1997).

Representations: Tools for Problem Solving,
Reasoning, and Communication

A representation can be thought of as a kind of tool, such as a diagram, graph, symbol, or
manipulative, that expresses a mathematical idea or concept. Representations are not ends
in themselves to be leamed for the sake of learning but are valuable tools in problem soly-
ing, reasoning, and communicating about mathematical ideas. Representations can help you
think through a problem and better communicate your ideas to another person. How vou
represent the ideas in the problem will likely influence your solution process. In face, the
representations that students choose to use can provide valuable insight into their ways of
interpreting and thinking about the mathematical ideas at hand.

Madels or representations give learners something with which they can explore, reason,
and communicate as they engage in problem-based tasks, The goal of using representations
is so that students can manipulate ideas, not tmanipulate symbols in a rote manner. By using
personally meaningful representations to manipulate and communicate abour mathemarical
ideas, students will make connections among mathematical ideas (relational understanding)
and move toward mathematical proficiency.

o Tips for Using Representations in the Classroom

Because different representations can illuminate different aspects of a mathematical idea, mul-
tiple representations should be explored and encouraged. The more ways that students are
gven to think about and test an emerging idea, the better they will correctly form and integrate
itinto a rich web of concepts and thereby develop a relational understanding. Figure 2.3 illus-
trates various representations for demonstrating an understanding of any topic. Students who
have difficulty translating a coneept from one representation to another also have difficulty
solving problems and understanding computations (Clement, 2004; Lesh, Cramer, Doerr, Post,
& Zawojewsks, 2003; NCTM, 2000). Strengthening the ability to move between and among
representations improves students’ understanding and retention of idess.

The following are rules of thumb for using representations or models in the classraom:

* Introduce new representarions or tools by showing how they can represent the ideas for
which they are intended. But keep in mind that because the representations are not the
concepts, some students may not “see” what you see,

* Allow students (in most instances) to select freely from available tools 1o use in solving
problems,

* Encourage students to ereate their own representations.
Look for opportunities to connect these student-created
representations to more conventional representations.

* Encourage the use of a particular representation when you
believe it would be helpful to 1 student having difficulty.
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2.5

Mathematical understanding can be demonstrated through these different
representations of mathematical ideas. Translations between each can help
students develop new concepts and demaonstrate a richer understanding.

* Ask students to use representations, such as diagrams and manipulatives, when they ex-
plain their thinking. This will help you gather information about students’ understand-
~ ing of the idea and also their understanding of the representations that have been used
in the classroom. It can also be helpful to ather students in the classroom who may be
struggling with the idea or the explanation being offered.

i In creating tasks and when facilitating classroom discussions, focus on making con-
- nections among the different representations used (and make sure cach is understood),
Helping students make these connections is very important to their learning.

Note that problems can start with ane representation (e.g., a story problem) and ask the
ent to translate the information to anather representation (e.g., an equation); yet a sto-
might get to the final representation by working through other representations (e.g.,
ting 4 table or drawing a picture to get to an equation). These representations, whether
ent-created or more conventional, are critical in supporting students’ reasoning and
ally progressing toward more abstract symbolic representations.

@ Manipulatives

turn to one kind of representation that is commonly used to suppart students’ learning
thematics—manipulatives, or concrete objects, Any time a concept is new, regard-
of the ages of the students, manipulatives can be a positive factor in students’ learning,
wever, just using manipulatives, particularly in a rote manner, does not ensure that stu-
will understand. It is important to consider how manipulatives can help, or fail to help,
students construct mathematical knowledge.
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Objects and names of objects are not the same as mathematical ideas and relationships

between objects.
Namas Models Retstionships
Posilive 3 [ X X ] 3 chips that are black represent '3
Negative 3 OO0 3 chips that are white represent "3
Pasitive 3 Q@ O®O®® .. ¢ bdackchipsand whitechipresultin
O 810 3 biack chips when a black and white chip
equal a net gainfloss of 0

First of all, manipulatives alone have no inherent meaning. A person has to impose
meaning onto them. The manipulative is not the concept. Figure 2.4 shows colored chips
commonly used to represent integers. We define one color to represent positive numbers
(usually black) and another color to represent negative numbers (usually red, but we have
used white here). If o student is able to identify the black chips as “positive” and the white
chips as “negative,” does this mean the student has construceed the concepts of positive and
negative numbers and can operate with them in meaningful ways? No, all you know for
surc is that the student has learned the names typically assigned to the manipulatives, In
fact, there is evidence scross a range of grades that students struggle with negative num-
bers (Mukhopadhyay, 1997; Vlassis, 2004). Calculating with integers can become a lesson
in memorization when students are rushed to follow rules such as “two like signs become a
positive" and “two unlike signs become a negative.” Consequently, teachers attempt to sup-
port students’ work by using manipulatives such as colored chips. However, the concept of
“negative” must be created by students in their own minds and imposed on the manipulative
used to represent the concept (connecting money to the chips using a profit/loss context
can help students construct this meaning). Through discussions that explicitly focus on the
mathematical concepts over time, the connections between manipulatives and related con-
cepts are developed.

Second, the most widespread misuse of manipulatives
oceurs when teachers tell students, “Do exactly as I do®
There is a natural rempration to get out the materials and
show students exactly bow to ne them. Students mimic the
teachers directions, and it may éven look as if they un-
derstand, but they may just be following what they see. A
rote procedure with a manipulative s still just that—a rote
procedure,

A third and related misuse of manipulatives occurs when teachers always tell stu-
dents which manipulative to use for a given problem. Students need opportunities to
choose their own representations to use when reasoning through a problem (Mathemati-
cal Practice 5: Use appropriate tools strategically) and when communicating their ideas
to others,

It is incorrect to say that a manipulative or object

"illustrates” or shows a concept. Manipulatives can help stu

dents visualize relationships and talk about them, but what

they see are the manipulatives, not concepts
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o Visuals and Other Tools

There are other ways for students to represent and illustrate mathematical concepts. Draw-

ings are one option and are important for 3 number of reasons. First, when students draw,
you learn more about what they do or do not understand. For exsmple, if students are show-
‘ing the part-part ratio 2:3 with their own drawings, you can obs:rvz whether they under-
wstand thart the whole has ﬁve parts, with the first quantity making up £ of the whole and the
second quantity making up { of the whole. Second, manipulatives can sometimes restrict how
mdents can model a problem, whereas a drawing allows students to use any strategy they
t. Figure 2.5 shows an example of a seventh grader’s solution for solving a ratio problem,

for opportunities to use students’ representations during classroom discussions to help
em make sense of the more abstract mathematical symbols and computational procedures.,
when students create a drawing you rend to get different representations, providing an
‘excellent opportunity to compare and contrast the various approaches and visuals.

~ Representations generated and manipulated through technology can also support stu-
dents as they reason about and communicate their mathematical ideas. Changes can usually
made to situations more quickly by using a computer than by using physical manip-
ives or student-generated drawings, leaving more time for exploration. For example,
o interactive graphing saftware, students can quickly make changes to graphs to help
m analyze and interpret how sitvations change as variables change (see, for example,
-netm.org/standards/content.aspx?id=25092). As another example, simulation soft-
vare allows students to perform several trials in just a few seconds, s opposed to having
10 complete the actual experiment multiple times, again allowing more time for analysis
and interpretation of the sitation (e.g., go to http://nlvm.usu.edu/en/nav/grade_g_3.html
il select *Coin Toss”™). Plus, virtual manipulatives can help students link manipulatives

base-ten blocks, and as changes are made to the base-ten blocks, students can see the results

2.5 A seventh grader shows her thinking about a ratio problem.

- Bob can mow a yard in 3 hours. Tom can mow the same-size yard in S hours.
“How long will it taks them 1o mow the same-size lawn # they do It together?

- Yard

1 hour Tom &

-—
hour

-

Because it takes Bob an hour to mow 5

of the yard and Tom an hour to mow =

of the yard, together they can mow £ of

the yard inan hour, Or they can mow &

parts of the lawn in an hour. After an hour
they still have 7 parts to mow. Soit will take
them £ of an hour to mow the rest of the l
yard. Or it takes them 1 £ or ¥ hours to ‘
mow the lawn together,

Bob
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of the actions they take on the numeral representation of the decimal (e.g., go to hup://
nlvm.usu.edu/en/nav/grade_g_3.html and click on “Base Blocks—Decimals™). The dynamic
link between these two representations helps students make sense of their activity as well as
the numbers. An added bonus with technology is that sometimes the language displayed on
the computer program can be changed for ELLs.

Meaningful contexts help students make sense of mathemarical ideas. Using real ob-
jects, pictures, drawings, and virtual manipulatives can help students relate to and betrer
understand a context, especially one that is unfamiliar, This is particularly important in sup-
porting ELLs or students with disabilities.

A A Three-Phase Lesson Format

A three-phase lesson format (Before, During, After) provides a structure for teaching math-
ematics through problem solving (Table 2.1). Before refers to the time before students start
work on the problem; During refers to the time during which stdents work on the prob-
lem; and Affer refers to the discussion that takes place after students work on the problem,
The lesson may take one or more class sessions, but the three-phase structure can also be
applied to shorter tasks, resulting in a 10- to 20-minute minilesson.

o Before

In the Before phase of the lesson, you are preparing students to work on the problem. As
you plan for the Before part of the lesson, analyze the problem you will give to stdents in
order to anticipate students' approaches and possible misinterpretations or misconcepuons
(Wallace, 2007). This can inform the questions you ask in the Before phase of the lesson to
clarify students” understanding of the problem (i.e., knowing what it means rather than how
they will solve it).

« During

In the During phase of the lesson, students explore the problem (alone, with partners, or in
small groups). This is one of two opportunities you will get in the lesson to find out what
your students know, how they think, and how they are approaching the task you have
given them (the other is in the discussion period of the After phase). You want to convey
a genuine interest in what students are doing and thinking. This is not the time to evalu-
ate or to tell students how to solve the problem. When students ask whether a result or
method is correct, ask students, “How can you decide?” or “Why do vou think that might
be right?" or “How can we tell if that makes sense?” Use this time in the During phase to
identify different representations and strategies students used, interesting solutions, and
any misconceptions that arise that you will highlight and address in the After phase of
the lesson.

@ After

In the After phase of the lesson your students will work as a community of learners, discuss-
ing, justifying, and challenging various solutions to the problem that all have just worked
on. It is critical to plan for and save ample time for this part of the lesson. Tiventy minutes
is not at all unreasonable for a good class discussion and sharing of ideas. Tt is not necessary
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n Phase Teacher Actions in a Teaching Mathematics through Problem-Solving Lesson
Activate prioe Begin with a simple version of the task; connect to students' expenences, bramstorm
knowledge, approaches or solution strategies; estimate or predict whather tasks invole a single

computation ar are aimed at the development of a computational procedure
Be sure the problem is Have students explain 10 you what the problem is asking. Go over vocabulary that may be

understood troubling. Caution: This does not mean that you are explaining haw to do the problem—
just that students should understand what the problem s about.

Estabilsnh clear Tell students whether they will work individually, in pairs, or small groups, of if thay will

expectanans have a choice, Tell them how they will share their solutions and reasoning,

Let go! Although it is tempting to want to step in and “hielp,” hold back and enjoy observing and
learning from students.

Notice students’ Base your questions on students’ work and their responsas 10 you. Use questions like " Tell

mathematical thinking. e what you are daing ™, i see you have started to [multiply] these numbers. Can you tell
me why you are [muitiplying]?” [substitute any pracess/strazegy], "Can you tell me maore
about... 77; *Why did you...2"; "How does your diagram connect to the problem?*

Provide appropriate Look for ways ta support students’ thinking and avoid telling them how 1o solve the

support problem: Ensure that students undersiand the problem {e.q., “What do you know about
the prablem?*); ask the student what he or she has already tried (e.g., “Where did you
get stuck ), sugoest that the student use a different strategy (e.g., “Can you draw a
diagram?*; “What if you used cubes to act out this problem?*; “1s ths like another
probliem we have olved?*); create a parallel problem vath simpler values (Jacobs &

Ambrose, 2008)
Provide woethwhile Challenge early finishers in some manner that is related o the prablem just solved, Possible
extensions. questions 1o a<k sre “1 see you found one way 1o do this. Ars there any other solutions?

Are any of the solutions different or more Interesting than others?* Some goad questions
for extending thinking are, “What if ... 7" or "Would that same idea work for... 2"

Promote & community of  You must teach students about your expectatians for this time and how to interact

leamers, respectfully with thelr peers. Role-play appropriate {and inappropriate) ways of
responding 1o each other, The “Orchestrating Discourse” section provides stratagres
and recommendations for how to facilitate discussions that help create a community of

learners.
Listen actively without The geal here ks naticing students” mathematical thinking and making that thinking
evaluation visible to other students. Avoid judging the corectness of an answer so that students

are more willing to share their ideas. Support students’ thinking without evaluation by
simply asking what others think about a student’s response.

Summarize main ideas Formalize the main ideas of the lesson, helping 1o highlight connactions among

and identify future strategies or different mathematical ldeas. In addition, this is the time to reinforce

problems appropriate terminoloay, definitions, and symbals, You may also want to lay the
groundwork far future tasks and activities.

ﬁar every student to finish. Here is where much of the learning will oceur as students

ot indi 'dual!y and collectively on the ideas they have explored. This is the time to re-

precise terminology, definitions, or symbols. After students have shared their ideas,

the main ideas of the lesson, highlighting connections among serategies or differ-
tical idess,
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A What Do | Do When a Task Doesn’t Work?

Sometimes students may not know what to do with a problem you pose, no matter how
many hints and suggestions you offer. Do not give in to the temptation to “tell them.” But
when you sense that a task is not moving forward, don’t spend days just hoping that some-
thing wonderful may happen. You may need to regroup and offer students a simpler but
related task that gets them prepared for the one that proved too difficult. If that does not
work, set it aside for the moment. Ask yourself why it didn’t work well. Did the students
have the prior knowledge they needed? Was the task too advanced? Consider what might be
a way to step back or step forward in the content in order to support and challenge students.
Nonetheless, trust that teaching mathematics through problem solving offers students the
productive struggle that will allow them to develop understanding and become mathemati-
cally proficient.

Sﬁap and, Weblect
Describe what s (and isn't) meant by “teaching mathematics through problem solving.” What

mmmmumwmémmmmmmmmw
mathematics tasks effectively in your classroom? B
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